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Two approximate methods are described for solving the problem of 
solidification of plane castings of a materlal erystalizing at constant 
temperature, uader boundary conditions of the ~d kind on a cooled 
surface. 

1. We shal l  examine  the p r o c e s s  of so l id i f ica t ion  of 
a plane cas t ing  of th ickness  S undergoing  heat  t r a n s f e r  
at i ts  outer  su r face  accord ing  to Newton 's  law of con-  
vect ion.  The ma thema t i ca l  fo rmula t ion  of the p rob lem 
inc ludes  the heat  conduct ion equat ion 

OT O~ 
c~ - -  ~ - -  (1) 

Ot Ox ~ 

and the boundary  condit ions 

)vOTox . = 0 = a ( T s  --re), (2) 

d 8 OT 
,o~,-d7 - -  ~ T 7  ..... ' (3) 

r (< l) = rc~,  (4) 

r (x, 0) ~ (x), (5) 

8 (0) = e0, (6) 

the or ig in  of coord ina tes  (x = 0) be ing taken on the 
cooled su r face  of the cas t ing.  The the rmophys ica l  
p rope r t i e s  of the m a t e r i a l  are  a s sumed  constant ;  s u p e r -  
cooling of the m e l t  at the c rys t a l l i za t i on  front  is not  
t aken  into account;  and the t e m p e r a t u r e  of the l iquid 
core  of the cas t ing  is  a s s u m e d  to be unchanging and 
equal to the  e rys t a l l i za t ion  t e m p e r a t u r e .  

In this  fo rm the p rob l em has  been  examined  by 
Veinik  [1] us ing  an in tegra l  method of heat  ba lance  with 
an ass igned  t e m p e r a t u r e  profi le  at the so l id  c r u s t  
(0 _< x _< e) accord ing  to the fo rmula  

r(x,  t ) = r c r  r c r - - r r  I- 1 x q" - -  , �9 (7) 
1 . ~  n ~ / a e  L 8 (t) _1 

The value of the index m was d e t e r m i n e d  by Veinik 
0nly for the case  of a boundary  condit ion of the f i r s t  
kind (Bi - -  ~) f rom c o m p a r i s o n  with the known exact  
so lu t ion  for the p rob lem.  

Resul t s  a r e  p r e sen t ed  below of a d e t e r m i n a t i o n  of 
the index n on the b a s i s  of n u m e r i c a l  so lu t ion  of the 
problem,  and then an approx imate  ana ly t ica l  method 
of computat ion is developed. 

The n u m e r i c a l  solut ion of the p rob lem de t e rmined  
by the s y s t e m  (1)-(6) has been  c a r r i e d  out by a f ini te  
d i f fe rence  method us ing  the "extens ion  network"  p r o -  
posed in r e f e r e n c e  [2]. In d i s t inc t ion  f rom r e f e r e n c e  
[2], however,  the heat  conduct ion equat ion was ap -  
p rox ima ted  by a ne twork  equat ion of impl ic i t  fo rm 

Ti'k+I --- TM = a T~+l"k+1 - -  2Ti'k+l - -  Ti-l'~+* 

At Ax ~ ' 

from which it follows that 

Ti_1,k+ I -- (2 + so) Ti.k+1 + Ti§ = -- s~T.k, (8) 

where S O = Ax2/aAt, ~x  = elM,  a = X/OT. 
Equation (8) has been solved by the "screw" method 

[3], which leads to a computation relation of the type 

Ti,k+1 = A~.k+1 (B.~+I + Ti+,,k+,). (9) 

In the first stage of the screw, coefficients A i and B i 
are determined at the nodes of the network region 

according to the formulas 

Ag,k+ I = I/(2 + s o --  A~-u~+ D, 

- -  ' T ( i 0 )  Bi,~+l--Ai-l,k+~Bi-l,k+lq-So i,k. 

The .calcula t ion there  is c a r r i e d  out f rom the ex te rna l  
sur face  of the cast ing,  where  the va lues  A 0 and B 0 are  

k n o w n  at  the node of the network located at a d i s tance  
Ax/2  f rom the sur face  outside the sect ion (Fig. 1): 

A{,,.= 1 ahxk l + 

~AX}~ T / ahxk)  (11) 
s 0 = - 7 - -  c ( 1 -  2~ 

In the second stage of the sc rew the t e m p e r a t u r e s  are  
de t e rmined  at the nodes of the ne twork  region  a c c o r d -  
ing to fo rmula  (9), beg inn ing  f rom a node coinciding 
with the sol id i f ica t ion front .  

Calculat ion of the i n c r e a s e  of the c r u s t  in t ime  At 
is pe r fo rmed  accord ing  to the fo rmula  obtained f rom 
condi t ion (3): 

he,. -- (rcr - -  TM_~). (12) 

After  de t e r mi na t i on  of Ae k, the th ickness  of the c r u s t  
is  found at t i m e k +  1, i . e . ,  ek+ 1 = e  k + Aek, as well  
as the  new th ickness  of the e l e m e n t a r y  l aye r s  AXk+ i = 
= AXk + Aek/M. 

Before repea t ing  the ca lcula t ion  of d i sp l acemen t  
is c a r r i e d  out of the values  of t e m p e r a t u r e  to a node 
of the new (extended) network by me a ns  of the i n t e r -  , 
polation formula 

T / =  T i i - 0.5 Ae~, (Ti+~ - -  T3, 
M A &. 

where  i = 1, 2, 3, . . . ,  M - 1 (beginning f rom the node 
adjacent  to the sur face  of the cast ing) .  

The use of the impl ic i t  scheme of the network equa-  
tion, which is s tabl  e dur ing  the computat ions  for any 
values  of the in t e rva l s  Ax and At, allowed the volume 
of computat ion to be cut down by a factor  of ten in c o m -  
p a r i s o n  with the expl ic i t  scheme,  which is l imi ted  by 
the condit ion that  the in te rva l  At mus t  be se lec ted  
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_< Ax2/2a. In c a r r y i n g  out the ca lcula t ions ,  a c c o m -  
pl ished on a " M i n s k - l "  computer ,  the sol id c ros s  
sect ion was divided into 9.5 i n t e rva l s  Ax; evaluat ion 
of the accu racy  of ca lcu la t ions  showed that the e r r o r  
in de t e rmin ing  the t e m p e r a t u r e  field did not exceed 
one or  two tenths of one per cent. 

The r e s u l t  of the ca lcula t ions  allowed cons t ruc t ion  
of a graph of the total dura t ion  of so l id i f ica t ion  tf, of 
the cast ing,  exp re s sed  by m e a n s  of the p a r a m e t e r  
(Fo)f = a t f /S ~, as a function of the p a r a m e t e r s  Bi and 
Kt (Fig. 2). The top c o r n e r  of the f igure shows values  
of the p a r a m e t e r  (FO)in, co r r e spond ing  to t ime  of growth 
of the in i t ia l  th ickness  of the c r u s t  s 0 = 0. l s ,  f rom 
which calcula t ion by the network method commences .  
Values of (Fo)i n have been ca lcu la ted  f rom Vein ik ' s  
formula  (1, page 63) with 50 = sr = 0 .1 .  

The data of the ca lcu la t ions  by the network method 
were  used fu r the r  to de t e rmine  the index n in f o r -  
mula  (7). As ana lys i s  shows, the value of n rap id ly  
becomes  s tab l ized  with t ime ;  the va lues  of n thus 
de t e rmined  a re  shown in Fig.  3 as a funct ion of p a r s -  
m e t e r s  Bi and K1. 

2. An approximate  ana ly t ica l  solut ion of the p r ob -  
lem (1)-(6) was obtained in [1] by the in tegra l  heat  
ba lance  method. An in t e r e s t i ng  idea is to use for this 
purpose  va r i a t iona l  methods  of solut ion with the ob-  
ject ive of i nc rea sed  accu racy  of ca lcula t ion .  

i! . ~  -- 

d 
i 

[ , i (M->', 

4 5 5 

Fig.  1. Schemat ic  t e m p e r a t u r e  d i s t r ibu t ion  
in the solid c ros s  sect ion.  

We there fore  made use of the va r i a t iona l  method 
of Blot [4-6]  to solve the p rob lem (1)-(6), According 
to the p rocedure  of this method, for o n e - d i m e n s i o n a l  
uns teady heat conduction p rob lems  there  is a dif-  
fe ren t ia l  equation of the Lagrange  type 

0__~ ~,'- -~- OL) -~ 0 (?H inc' &t &~- "tnc 

where  

1 1 i IF' --  c 5' t O~ dx; D = =  f:t'-dx; 
2 2~. 

t 
r l  l i  

H . . . .  cy i@dx-!-const; @ = T c r - - T ;  
s 

q is a gene ra l i zed  coordinate  for  which we have used 
the th ickness  of the sol id i f ied layer ,  e ,  below. 

(t3) 

Setting 
x 

- -  p y  - - c y  Odx,  

a 

we shal l  sa t i s fy  boundary  condit ion (3), s ince  the heat  
flux vec tor  H is d e t e r m i n e d  by the equat ion 

c~O . . . .  divH 

and, in addition, 

h =  o H d = - - ; ~ a o  
o s i)x 

We shal l  a s s ign  the t e m p e r a t u r e  prof i les  at the 
soi id c r o s s  sect ion with the aid of fo rmula  (7), which 
we shal l  r e w r i t e  in the form 

0 1 ~- n k/as 

. (ro; f-(ro) in~--  i 

z, d 8 B 
Fig.  2. (Fo)f = a t f /S  2 v e r s u s  p a r a m e t e r s  Bi 

and K 1 . 

Using e x p r e s s i o n  (7a) to d e t e r m i n e  the components  of 
r e l a t ion  (13), we a r r i v e  at the equat ion 

. . . . . .  , 2Kd/ (t/ i-N)"-- (2!/_L 3.V) -,-- dy K~(U-j :\') i (n 1)(n : 2) " 

+ (5n q 3) !f~(i~- ~:- U-' ( ~  + ( 16n d- 9__!7 ]~-~-n ~ ~ )  ! t :LV.  ( 13n- :- 7) i f  \ - '  ] X 

X [ K~(U -_ .V):' -- !/[!/ : .V) "qn+l: 2.', 

(g -i--N)(zj + 3.\')~/]- 
= d o, 

for 

,\: = n Bi, !t = r s. 

In tegra t ing  the l a t t e r  equation with the ini t ia l  condit ion 
y(0) = 0, we obtain the calcula t ion r e l a t i on  

M ~ F o = 2 ( ( h - - f 3 j ) ! / ~ - g 2  : - 2y,  A., ln I ! / .  Y l  ) 

-: ylB,_,ln (@s @ o~.d/-i-b2,)+,t(2C..,-B.,_u.2,.l(~/), ,  (15) 

where 

2 ( 2g-:-a.,  arctg, a.2 ') 
J(g) l"~ arctg J" 4b~--a~ 4b. ,~ a~ . ' 
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if  4b2 - a~ > 0; 

l 
s (u)  x 

Va~ - -  4b, 

1(29 + a. --. l a~ - -  ~ ) ! ( 2 g  + a~ + V ~ ) l  
x l n  

i f  4 b ~ . -  a~ < 0; 

a (g) = - -  2 li/(2g -}- a.>) - -  lla~], 

if 4b 2 - a~ = 0 ; y ,  a r o o t  of  the  e q u a t i o n  y~ + flly 2 + 

+ ~2Y + ~3 = O; 

A.,. = ( u ]  + am. +b~Vt u~ + a.,.U. + ~'0.1, 

B ,  = 1 - -  A.>; C.  - -  (A..b~ - -  b l ) / g , ,  

al=YO_/~,; bl :-= Y:,/y,: a e = ~ , - t - t / , ;  b., = - - ~ 3 / y . .  

Here  

Also  

~z / / I  
/ / /  

,ol , 
" 0  2 

o5 ! 
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Fig.  3. Index n v e r s u s  p a r a -  
m e t e r s  Bi and K L. 

b~ - -ao . s l .  = fi~: V, = (a,_> - ~ , , ) -  I~, (u, - riO, 

y:~ = a~ - f~:~ IcL, ..... ~,); a i  -.: B d A l ,  n.2 = C~"AI, 

aa = D,"At; % = E~/A , ;  f$~ = G~/FI,  ~.> = H r  

~:~ '= L i ' F , ;  M ,  = 2 F 1 / A  t. 

t )/( 3 1 , - -  21<, -I- 3n-L 1 K~ 
in --  l ) ( g n -  1) 

4K, 5n --~ 3 ] 

. . . . . .  I ' i1~ l~u~ --21 ~n- 1)a(2n-r- t){2n -3) 

4K, 5n 3 
A~ I<~ - 

In 1) (n- -2~  (n -1V(2n - I ) ( 2 n ~ 3 )  

[ 41<i'-+ ( n + l ) ( n ~ 2 )  (;, --1)-' (2tz -.-1) (2n - - 3)] ' 
B, -- .\ 14K~ 16n + 9 

�9 " (n + l ) (n -'.- 2) ( n + l ) - ' ( 2 n - -  1) (2n -b3  ' 

D , = : \ ; ~  41(~-~ (n + 1 )  (n -:~ 2) 

3n-!- 1 
F1 = 1(1 @ 

2 ( n  + l ) ( 2 n  § 1)' 

4n-}- l ] 
6 ~ = N  31(~+(n+i)(2n+l). ' 
[ 5 n + l  1, L~=N3K, .  (15a) 

H I = N  ~ 3I<j -~ 2(n-}- 1)('!n-t- l) 

In p a r t i c u l a r ,  when  Bi ~ ~ (N ~ 0), t h e  so lu t i on  t ake s  
the f o r m  

g = ]/M,[Fo, (16) 

where M I is determined by formula (15a). 
The values of the coefficient Mi, as calculated 

from formula (15a) as a function of n are shown by the 

solid inclined lines on Fig. 4. 
The horizontal straight lines on the same figure 

correspond to values found from the exact solution of 

Stefan [7], from the transcendental equation 

] / T  1, M[ KI exp erf I 
- - i f -  - T -  

The po in t s  of i n t e r s e c t i o n  of the c u r v e s  M 1 and M[ 
d e t e r m i n e  the va lues  of the index  n, c o r r e s p o n d i n g  to 
the exac t  so lu t ion  of the p r o b l e m .  

Va lues  of the c o e f f i c i e n t  M " l =  [2n(n + 1)] / 
/ [1 + Kj (n + 1) ] which  a p p e a r s  in the  we l l  known  so lu t ion  of 
Ve in ik  [1], a r e  shown on the  s a m e  f igu re  by dot ted  
l i n e s .  

It  m a y  be  s e e n  f r o m  the f i g u r e  tha t  the v a l u e s  of 
the  c o e f f i c i e n t s  M 1 and Ivr, 1 a r e  c lose  t o g e t h e r  at 
po in t s  of i n t e r s e c t i o n  wi th  the l i n e s  c o r r e s p o n d i n g  tO 
the exac t  v a l u e s  of M'  1. 

M r 
35 -o---o-i ] ' / ' ;  

75 ~ 1  / } 1 , 

f5 ~ .... 

& U {2 ~3 //~ n 

Fig .  4. C o m p a r i s o n  of the c o -  
e f f i c i e n t s  M1, c a l c u l a t e d  by a 
v a r i a t i o n a l  m e t h o d  (I) and a c -  
c o r d i n g  to V e i n i k ' s  f o r m u l a  (II), 
wi th  the  exac t  so lu t i on  of S tefan  
(III): a i s  for  K 1 -- 0 .413;  b i s  
for  K 1 -- 0.823;  c i s  for  K 1 = 2.03,  

w h e r e  K i = p / c  ( T e r  - To) .  

With increasing deviation from the above point, the 
discrepancies between Mi, M" i and M' i increase while, 
for the Veinik solution, the difference in the coefficients 

M" I and M' I increases much more rapidly than for the 
solution obtained by the variationM method. The advan- 
tage of the variational method is clearly seen in the 

stability of the index M t as regards oscillations of the 
index n. 
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S imi la r ly ,  for f ini te  values  of the Blot number ,  the 
r e s u l t s  of ca lcu la t ions  accord ing  to r e l a t ions  (15), 
(15a) depend to a l e s s e r  degree  on osc i l l a t ions  of the 
index n, than in the ea lcu la t ions  accord ing  to the 
Veinik fo rmulas .  In addition, for a boundary  condit ion 
of the th i rd  kind on the sur face  of the cast ing,  the 
va r ia t iona l  method leads to exces s ive ly  awkward r e -  
l a t ions  in compar i son  with the f o r m u l a s  of r e f e r e n c e  
[1]. When us ing the exact  values  of the index n (in 
p a r t i c u l a r  for a plane cas t ing  accord ing  to the graphs 
of Fig.  3) ca lcu la t ions  accord ing  to the Veinik fo rmulas  
lead to r e s u l t s  which a re  p rac t i ca l ly  concident  with 
the data of the network method and of the va r i a t iona l  
method (the ini t ia l  data of the ca lcu la t ion  being iden-  
t ical) .  

NOTATION 

T is the temperature; t is the time; x is the co- 

ordinate; e is the thickness of the solidified layer; 

k, c, T are the thermal conductivity, specific heat, 

material density; p is the specific heat of crystalli- 

zation; ~ is the heat transfer coefficient; Bi = ~S/X 
is the Blot number; Fo = at/S 2 is the Fourier number; 

K 1 = p/c(Tcr - Tc) is the heat emission intensity 
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criterion; M is the number of layers of the network 

region. 
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